A classification of quaternary Hermitian self-dual codes of length 20 is given. Using this classification, a classification of extremal quaternary Hermitian selfdual codes of length 22 is also given.
Introduction
Let F 4 = {0, 1, ω,ω} be the finite field of order four, whereω = ω 2 = ω+1. Codes over F 4 are often called quaternary. All codes in this note are quaternary. The Hermitian dual code C ⊥ of a code C of length n is defined as C ⊥ = {x ∈ F n 4 | x · c = 0 for all c ∈ C}, where x · y = n i=1 x i y i 2 for x = (x 1 , . . . , x n ), y = (y 1 , . . . , y n ) ∈ F n 4 , which is known as the Hermitian inner product. A code C is called Hermitian self-orthogonal if C ⊂ C ⊥ , and C is called Hermitian self-dual if C = C ⊥ . It is known that an [n, k] code C is Hermitian self-dual if and only if the weights of all codewords of C are even, that is, C is even, and n = 2k [1] . It was shown in [1] that the minimum weight d of a Hermitian self-dual code of length n is bounded by d ≤ 2⌊n/6⌋ + 2. A Hermitian self-dual code of length n and minimum weight d = 2⌊n/6⌋ + 2 is called extremal.
Two codes C and C ′ are equivalent if there is some monomial matrix M over F 4 such that C ′ = CM = {cM | c ∈ C} [1] . A monomial matrix which maps C to itself is called an automorphism of C, and the set of all automorphisms of C forms the automorphism group Aut(C) of C. Clearly, ωI andωI are elements of Aut(C), where I denotes the identity matrix, so {I, ωI,ωI} is the smallest possible automorphism group. Such an automorphism group is called trivial.
The classification of Hermitian self-dual codes was begun by [1] and the classification for lengths up to 14 was done in [1] . The classification is extended to length 18 [2, 3] . At length 20, a classification of extremal Hermitian self-dual codes was completed [4] under a weaker equivalence (see Subsection 3.3 for the definition). At length 22, at least 46 inequivalent extremal self-dual codes are known [5] . In Table 1 , the numbers # d of inequivalent Hermitian self-dual codes with minimum weight d are given along with references. The main aim of this note is to give a complete classification of Hermitian self-dual codes of length 20. Theorem 1. There are 3427 inequivalent Hermitian self-dual codes of length 20. Of these two are extremal, 999 have minimum weight 6, 2181 have minimum weight 4, and 245 have minimum weight 2.
The method used, which is similar to that given in [4] , is described in Subsection 2.1.
From the classification of Hermitian self-dual [20, 10, 6] codes, we also classify extremal Hermitian self-dual codes of length 22.
It has been a question to determine if there is a Hermitian self-dual code with a trivial automorphism group (see [1, Open Problem (4)]). There is no Hermitian self-dual code with a trivial automorphism group for lengths up to 18 (see [1, 2, 3] ). From our classification given in Section 3, we see that such a code exists at length 20.
Generator matrices of all Hermitian self-dual codes of length 20 and all extremal Hermitian self-dual codes of length 22 can be obtained electronically from [6] . All computer calculations in this note were done by Magma [7] .
Preliminaries

Classification method
Here we describe a method for classifying Hermitian self-dual codes. This method is similar to that given in [4] .
Suppose that C is a Hermitian self-dual [n, n/2, d] code with d ≥ 4. Define a subcode of C as follows
Since C ⊥ has no codeword of weight 2, C 0 has dimension n/2 − 1. We may assume that there is a codeword x = (x 1 , . . . , x n ) of weight d in C with x n−1 = x n = 0. Then, the following code
code. Thus, the subcode C 0 has generator matrix of the form
where G 1 is a generator matrix of C 1 and a i ∈ F 4 (i = 1, . . . , n/2 − 1). It follows that any Hermitian self-dual [n, n/2, d] code is constructed as the code C 0 , x for some code C 0 with generator matrix of the form (1) and some vector x ∈ C ⊥ 0 \ C 0 , where C 0 , x denotes the code generated by the codewords of C 0 and x.
In this way, all Hermitian self-dual [n, n/2, d] codes, which must be checked further for equivalence, are constructed, by taking generator matrices of all inequivalent selfdual [n − 2, n/2 − 1, d − 2] codes as matrices G 1 , and by considering a 1 ∈ {0, 1} and a i ∈ F 4 (i = 2, . . . , n/2 − 1) in (1). As described in [4] , the number of possibilities for a i (i = 2, . . . , n/2 − 1) is decreased by applying elements of Aut(C 1 ) to the first n − 2 coordinates of (1).
Mass formula for weight enumerators
Now we give a mass formula for weight enumerators of Hermitian self-dual codes.
Lemma 2. Let n be an even positive integer. Let W C (y) denote the weight enumerator of a code C. Then
where C runs through the set of all Hermitian self-dual codes of length n.
Proof. Let wt(x) denote the weight of a vector
Lemma 3. Let n and d be even positive integers. Let C be a family of pairwise inequivalent Hermitian self-dual codes of length n with minimum weight at most d. Then C is a complete set of representatives for equivalence classes of Hermitian selfdual codes of length n with minimum weight at most d, if and only if
Proof. Consider the coefficient of y d in the formula (2) in Lemma 2.
3 Classification of self-dual codes of length 20
In this section, we give a classification of Hermitian self-dual codes of length 20. 
Decomposable codes
Indecomposable codes
From the set of inequivalent Hermitian self-dual [18, 9, 2] codes given in [3] , the method given in Subsection 2. This computation was performed in Magma [7] . In principle, such a computation can be done by classifying Hermitian self-dual codes by the Magma function IsIsomorphic, then their automorphism groups can be calculated by AutomorphismGroup. The orders of the automorphism groups of the 3427 codes are listed in Table 2 , where (# Aut, N(# Aut)) lists the number N(# Aut) of the codes with an automorphism group of order # Aut.
Alternatively, the set of 3182 inequivalent Hermitian self-dual codes of length 20 and minimum weight d ≥ 4 can be found by a method similar to the one given in [3] as follows. Recall that two self-dual codes C and C ′ of length n are said to be neighbors if the dimension of C ∩ C ′ is n/2 − 1. Let D 20 be the extremal Hermitian self-dual code of length 20 generated by the second generator matrix in [4, Fig. 4 Then the set
contains 3182 inequivalent Hermitian self-dual codes of length 20 and minimum weight d ≥ 4.
A weaker equivalence
In the above classification, we employ monomial matrices over F 4 in the definition for equivalence of codes. To define a weaker equivalence, one could consider a conjugation γ of F 4 sending each element to its square, in the definition of equivalence, that is, two codes C and C ′ are weakly equivalent if there is some monomial matrix M over F 4 such that C ′ = CM or C ′ = CMγ (see [4] ). In fact, the classification of extremal self-dual codes of length 20 in [4] was done under the weaker equivalence. Our classification shows that the equivalence classes of such codes are the same under both definitions.
We have verified that there are 15, 636 and 323 pairs of self-dual codes with minimum weights 2, 4 and 6, respectively, under the weaker equivalence. Hence, there are 3427 − (15 + 636 + 323) = 2453 self-dual codes under the weaker equivalence for length 20.
Classification of extremal self-dual codes of length 22
From the set of inequivalent Hermitian self-dual [20, 10, 6] codes classified in the (# Aut, N (# Aut)) (3, 308), (6, 229), (9, 8), (12, 73), (18, 12), (24, 39), (30, 2), (36, 19), (48, 1),  (60, 1), (66, 2), (72, 5), (108, 1), (120, 1), (180, 3), (192, 1), (240, 1), (288, 4),  (324, 1), (360, 1), (384, 2), (504, 2), (864, 2), (1728, 2), (17280, 2), (1330560, 1) previous section, the method given in Subsection 2.1 allows to enumerate extremal Hermitian self-dual codes of length 22.
For every self-dual [20, 10, 6] code, we have verified that the subcode generated by codewords of weight 6 has dimension at least 4. Thus, we may assume that the first four rows of a generator matrix G 1 in (1) The orders of the automorphism groups of the 723 codes are listed in Table 3 , where (# Aut, N(# Aut)) lists the number N(# Aut) of the codes with an automorphism group of order # Aut. The code with an automorphism group of order 1330560 is equivalent to the code C 22,P 1 in [8, Table 2 ], which is one of the three inequivalent pure double circulant extremal self-dual codes of length 22. We have verified that the automorphism group is isomorphic to the direct product of the Mathieu group M 22 of degree 22 and the cyclic group of order 3.
We have verified that there are 301 pairs of extremal self-dual codes of length 22, under the weaker equivalence given in Subsection 3.3. Hence, there are 723 − 301 = 422 extremal self-dual codes of length 22, under the weaker equivalence. We have also verified that the 422 extremal self-dual codes have different numbers (B 0 , B 1 , . . . , B 22 ), where B j denotes the number of distinct cosets of weight j. This shows that the 422 extremal self-dual codes are certainly inequivalent.
The smallest possible automorphism group is of order 3. From the constant term of (2), the number of inequivalent self-dual codes of length 22 is at least
> 397588.
Trivial automorphism groups
It has been a question to determine if there is a Hermitian self-dual code with a trivial automorphism group (see [1, Open Problem (4)]). There is no Hermitian self-dual code with a trivial automorphism group for lengths up to 18 (see [1, 2, 3] ). From our classification given in Section 3, we see that such a code exists at length 20 (see Table 2 ). Hence, we have an answer to the above problem. In addition, there is no extremal Hermitian self-dual code with a trivial automorphism group for length 20, but there are 308 extremal Hermitian self-dual codes with trivial automorphism groups for length 22 (see Tables 2 and 3) . Hence, the smallest length for which there is a quaternary extremal Hermitian self-dual code with a trivial automorphism group is 22. For example, the code with generator matrix ( I , M ) is an extremal self-dual [22, 11, 8] code with a trivial automorphism group, where M is given in Figure 1 .
